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Abstract
We present a new family of shape invariant potentials which could be called a
“continuous ℓ version” of the potentials corresponding to the exceptional (Xℓ) J1 Jacobi
polynomials constructed recently by the present authors. In a certain limit, it reduces
to a continuous ℓ family of shape invariant potentials related to the exceptional (Xℓ)
L1 Laguerre polynomials. The latter was known as one example of the ‘conditionally
exactly solvable potentials’ on a half line.
1 Introduction
We will present a new family of shape invariant [1], thus exactly solvable, potentials in one
dimensional quantum mechanics. The inventory of exactly solvable quantum mechanics in
one dimension [2, 3] has seen a rapid increase recently, thanks to the discovery of infinitely
many shape invariant potentials connected with the exceptional Laguerre, Jacobi, continuous
Hahn, Wilson and Askey-Wilson polynomials by the present authors [4, 5, 6, 7, 8, 9, 10].
The exceptional orthogonal polynomials are a new type of orthogonal polynomials satisfying
second order differential (difference) equations. The ℓ-th (ℓ = 1, 2, . . .) member of these
families of orthogonal polynomials are sometimes called Xℓ polynomials. They start with
the degree ℓ instead of a degree zero constant term, which is the case for the ordinary
orthogonal polynomials. Therefore they are not constrained by Bochner’s theorem [11]. The
concept of the exceptional orthogonal polynomials was introduced by Go´mez-Ullate et al
[12], and the explicit examples of the X1 Laguerre and Jacobi polynomials were constructed
within the framework of the Sturm-Liouville theory. Then Quesne [13] reformulated them
in the language of quantum mechanics. These are the first members of the infinite families
of the exceptional Laguerre and Jacobi polynomials [4]. Later another set of X2 Laguerre
polynomials was found [14], which was generalised to another family of Xℓ Laguerre and
Jacobi polynomials [6].
Roughly speaking, we are going to derive a “continuous ℓ version” of the potentials
corresponding to the Xℓ Jacobi polynomials. The prepotentials of the exceptional (Xℓ)
Jacobi polynomials are obtained by deforming those for the Darboux-Po¨schl-Teller (DPT)
[15] potential in terms of a degree ℓ Jacobi polynomial of twisted parameters [4, 6]. As is well
known, the Jacobi polynomials can be expressed in terms of a Gauss hypergeometric function,
which is well defined for non-integer ℓ, too. The new family of potentials are obtained
by deforming the DPT potential in terms of the hypergeometric function, which would
reduce to the Jacobi polynomial for integer ℓ. There are, in fact, two types of exceptional
Jacobi polynomials, called J1 and J2 [6, 7, 8]. It turns out that only the first type, the
J1, deformations give rise to non-singular and shape invariant potentials. Naturally, the
corresponding eigenfunctions are no longer polynomials . They are a “continuous ℓ version”
of the J1 type Xℓ polynomials, {Pℓ,n}. This is in good contrast to the most known cases of
shape invariant potentials, in which the eigenfunctions are polynomials.
It is well known that the Laguerre polynomials (confluent hypergeometric functions) are
obtained from the Jacobi polynomials (hypergeometric functions) in a certain limit [16].
Likewise the exceptional L1 and L2 Laguerre polynomials are derived from the exceptional
J1 and J2 Jacobi polynomials, respectively, in the same limit [6]. This would mean that a
“continuous ℓ version” of the potentials corresponding to the L1 Xℓ Laguerre polynomials
can be obtained from the above “continuous ℓ version” of the potentials corresponding to the
J1 Xℓ Jacobi polynomials. In fact, this “continuous ℓ version” of the potentials correspond-
ing to the L1 Xℓ Laguerre polynomials was derived by Junker and Roy [17] as one example
of ‘conditionally exactly solvable potentials’ in the context of supersymmetric quantum me-
chanics. Somehow erroneously this type of potentials had been declared non-shape invariant
[17, 18]. This is partly because the structure of the corresponding Hamiltonians (potentials)
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were not fully understood. The structure of the Hamiltonians (potentials) of the exceptional
orthogonal polynomials are essentially the same for the J1 Xℓ Jacobi and the L1 Xℓ Laguerre
polynomials, as shown in our previous papers [4, 6, 5, 7, 8]. Therefore we will present the
“continuous ℓ versions” of the potentials corresponding to the J1 Xℓ Jacobi and the L1 Xℓ
Laguerre polynomials in parallel. We will follow the notation of [7, 8].
This paper is organised as follows. In section two we will recapitulate the original systems,
that is, the quantum mechanical systems of the DPT and the radial oscillator potentials,
in order to set the stage and to introduce appropriate notation. In section three the new
deforming functions, the “continuous ℓ versions” of the deforming polynomials ξℓ(η), are in-
troduced and their properties are demonstrated. Section four is the main part of this paper.
In subsection 4.1, the deformed systems, that is, the “continuous ℓ versions” of the poten-
tials corresponding to the J1 Xℓ Jacobi and the L1 Xℓ Laguerre polynomials are presented.
Here we stress two points. Firstly, we show the concrete structure of the Hamiltonians.
Secondly, the shape invariance is demonstrated explicitly. We will briefly mention why the
“continuous ℓ versions” of the potentials corresponding to the J2 Xℓ Jacobi and the L2 Xℓ
Laguerre polynomials do not exist. The Darboux-Crum transformations [19, 20] intertwining
the Hamiltonians of the original systems with the new deformed systems are introduced in
subsection 4.2. Various properties of the new deformed systems are derived from those of
the original systems through the intertwining relations. In subsection 4.3 we briefly review
the limiting procedure, from the Jacobi polynomials (hypergeometric function) to the La-
guerre polynomials (confluent hypergeometric function), which connects the results of the
“continuous ℓ versions” of the potentials corresponding to the J1 Xℓ Jacobi and the L1 Xℓ
Laguerre polynomials. The final section is for a summary and comments. It is shown why
the above recipe to construct a “continuous ℓ version” does not work for the Hamiltonians
of the exceptional Askey type polynomials constructed by the present authors [9, 10].
2 Original systems
Here we summarise various properties of the original Hamiltonian systems, the two well
known shape invariant systems, the Darboux-Po¨schl-Teller [15] and the radial oscillator
[2, 3] potentials. The eigenfunctions are described by the Jacobi and Laguerre polynomials,
to be abbreviated as J and L. These results are to be compared with the specially modified
systems to be presented in § 4. Let us start with the Hamiltonians, Schro¨dinger equations
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and eigenfunctions (x1 < x < x2):
H(λ) def= A(λ)†A(λ), A(λ) def= d
dx
− ∂xw0(x;λ), A(λ)† = − d
dx
− ∂xw0(x;λ), (2.1)
H(λ)φn(x;λ) = En(λ)φn(x;λ) (n = 0, 1, 2, . . .), (2.2)
φn(x;λ) = φ0(x;λ)Pn(η(x);λ), φ0(x;λ) = e
w0(x;λ). (2.3)
Here η(x) is the sinusoidal coordinate, λ is the set of parameters, w0(x;λ) is the prepotential
and En(λ) is the n-th energy eigenvalue:
η(x)
def
=
{
cos 2x, x1 = 0, x2 =
π
2
, : J
x2, x1 = 0, x2 =∞, : L , λ
def
=
{
(g, h), g, h > 0 : J
g, g > 0 : L
, (2.4)
w0(x;λ)
def
=
{
g log sin x+ h log cos x : J
−1
2
x2 + g log x : L
, En(λ) def=
{
4n(n+ g + h) : J
4n : L
. (2.5)
The eigenfunction consists of an orthogonal polynomial Pn(η;λ), a polynomial of degree n
in η, (Pn(η;λ) = 0 for n < 0):
Pn(η;λ)
def
=
{
P
(g− 1
2
,h− 1
2
)
n (η) : J
L
(g− 1
2
)
n (η) : L
. (2.6)
Shape invariance [1] means in this setting [21, 22, 23]
A(λ)A(λ)† = A(λ+ δ)†A(λ+ δ) + E1(λ), δ def=
{
(1, 1) : J
1 : L
, (2.7)
or equivalently,(
∂xw0(x;λ)
)2 − ∂2xw0(x;λ) = (∂xw0(x;λ+ δ))2 + ∂2xw0(x;λ+ δ) + E1(λ). (2.8)
It is straightforward to verify this for the given forms of the prepotential w0(x;λ) (2.5). The
action of A(λ) and A(λ)† on the eigenfunction is
A(λ)φn(x;λ) = fn(λ)φn−1
(
x;λ+ δ
)
, (2.9)
A(λ)†φn−1
(
x;λ+ δ
)
= bn−1(λ)φn(x;λ). (2.10)
Here the coefficients fn(λ) and bn−1(λ) are the factors of En(λ) = fn(λ)bn−1(λ):
fn(λ)
def
=
{ −2(n + g + h) : J
−2 : L , bn−1(λ)
def
= −2n : J&L. (2.11)
The forward and backward shift operators, F(λ) and B(λ), are defined in the following way
and they can be expressed in terms of η only [7]:
F(λ) def= φ0(x;λ+ δ)−1 ◦ A(λ) ◦ φ0(x;λ) = φ0(x;λ)
φ0(x;λ+ δ)
d
dx
= cF
d
dη
, (2.12)
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B(λ) def= φ0(x;λ)−1 ◦ A(λ)† ◦ φ0(x;λ+ δ)
= −φ0(x;λ+ δ)
φ0(x;λ)
( d
dx
+ ∂x
(
w0(x;λ) + w0(x;λ+ δ)
))
= −4c−1
F
c2(η)
( d
dη
+
c1(η,λ)
c2(η)
)
, (2.13)
where cF , c1(η,λ) and c2(η) are
cF
def
=
{ −4 : J
2 : L
, c1(η,λ)
def
=
{
h− g − (g + h+ 1)η : J
g + 1
2
− η : L , c2(η)
def
=
{
1− η2 : J
η : L
. (2.14)
Their action on the polynomial is
F(λ)Pn(η;λ) = fn(λ)Pn−1(η;λ+ δ), (2.15)
B(λ)Pn−1(η;λ+ δ) = bn−1(λ)Pn(η;λ). (2.16)
These forward and backward shift relations are the factors of the second order differential
equations for the polynomial Pn :
cF∂ηPn(η;λ) = fn(λ)Pn−1(η;λ+ δ), (2.17)
c1(η,λ)Pn−1(η;λ+ δ) + c2(η)∂ηPn−1(η;λ+ δ) = −14cFbn−1(λ)Pn(η;λ), (2.18)
c2(η)∂
2
ηPn(η;λ) + c1(η,λ)∂ηPn(η;λ) = −14En(λ)Pn(η;λ), (2.19)
which correspond to the properties of the (confluent) hypergeometric function 2F1 (3.16)–
(3.18) or 1F1 (3.22)–(3.24), respectively.
The orthogonality reads∫ x2
x1
φ0(x;λ)
2 Pn(η(x);λ)Pm(η(x);λ)dx = hn(λ)δnm, (2.20)
hn(λ)
def
=

Γ(n+ g + 1
2
)Γ(n+ h+ 1
2
)
2n!(2n+ g + h)Γ(n+ g + h)
: J
1
2n!
Γ(n+ g + 1
2
) : L
. (2.21)
3 Deforming function with continuous ℓ
In deriving the Hamiltonians of the exceptional Jacobi and Laguerre polynomials [4, 6], the
original system is deformed in terms of a degree ℓ = 1, 2, . . . polynomial ξℓ(η;λ), which is the
eigenpolynomial (Jacobi or Laguerre) with twisted parameters. We consider a real positive
number ℓ instead of an integer.
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Let us define the following deforming function ξℓ(η;λ) with ℓ ∈ R>0:
J1 : ξℓ(η;λ)
def
=
Γ(g + 2ℓ− 1
2
)
Γ(ℓ+ 1)Γ(g + ℓ− 1
2
)
2F1
(−ℓ, g − h + ℓ− 1
g + ℓ− 1
2
∣∣∣ 1− η
2
)
(3.1)
=
Γ(g + 2ℓ− 1
2
)
Γ(ℓ+ 1)Γ(g + ℓ− 1
2
)
(1 + η
2
)h+ℓ+ 1
2
2F1
(g + 2ℓ− 1
2
, h+ 1
2
g + ℓ− 1
2
∣∣∣ 1− η
2
)
, (3.2)
L1 : ξℓ(η;λ)
def
=
Γ(g + 2ℓ− 1
2
)
Γ(ℓ+ 1)Γ(g + ℓ− 1
2
)
1F1
( −ℓ
g + ℓ− 1
2
∣∣∣ −η) (3.3)
=
Γ(g + 2ℓ− 1
2
)
Γ(ℓ+ 1)Γ(g + ℓ− 1
2
)
e−η1F1
(g + 2ℓ− 1
2
g + ℓ− 1
2
∣∣∣ η), (3.4)
where the Kummer’s transformation formula is used in the second equalities. In addition to
the condition g, h > 0 (2.4), we restrict the parameters as follows:{
g > 3
2
, h > 1
2
: J1
g > 3
2
, : L1
, (3.5)
then the deforming function ξℓ(η(x);λ) has no zero in the domain x1 < x < x2. This can be
easily verified by using the power series definition of the (confluent) hypergeometric function
(3.15),(3.21) and the alternative expressions (3.2) and (3.4).
Since the Jacobi and Laguerre polynomials are expressed as
P (α,β)n (x) =
(α + 1)n
n!
2F1
(−n, n+ α + β + 1
α + 1
∣∣∣ 1− x
2
)
, (3.6)
L(α)n (x) =
(α + 1)n
n!
1F1
( −n
α+ 1
∣∣∣ x), (3.7)
this deforming function reduces to the deforming polynomial in [4, 6] for integer ℓ
ℓ ∈ Z>0 ⇒ ξℓ(η;λ) =
{
P
(g+ℓ− 3
2
,−h−ℓ− 1
2
)
ℓ (η) : J1
L
(g+ℓ− 3
2
)
ℓ (−η) : L1
. (3.8)
We remark that we had restricted g > h > 0 for J1 (h > g > 0 for J2) in [4, 6, 7] for a
positive integer ℓ, but this restriction is unnecessary due to (3.2) and (3.4).
Here we present three formulas satisfied by the deforming function ξℓ(η;λ) (3.9)–(3.11),
which will play important roles in the derivation of various results in § 4:
c2(η)∂
2
ηξℓ(η;λ) + c˜1(η,λ, ℓ)∂ηξℓ(η;λ) = −14 E˜ℓ(λ)ξℓ(η;λ), (3.9)
d1(λ+ ℓδ)ξℓ(η;λ) + d2(η)∂ηξℓ(η;λ) = d1(λ)ξℓ(η;λ+ δ), (3.10)
6
d3(λ, ℓ)ξℓ(η;λ+ δ) +
c2(η)
d2(η)
∂ηξℓ(η;λ+ δ) = d3(λ+ ℓδ, ℓ)ξℓ(η;λ), (3.11)
where c˜1(η,λ, ℓ), d1(λ), d2(η), d3(λ, ℓ) and E˜ℓ(λ) are given by [7]
c˜1(η,λ, ℓ)
def
=
{ −(g + h+ 2ℓ− 1 + (g − h)η) : J1
g + ℓ− 1
2
+ η : L1
, (3.12)
d1(λ)
def
=
{
h+ 1
2
: J1
1 : L1
, d2(η)
def
=
{ −(1 + η) : J1
1 : L1
, (3.13)
d3(λ, ℓ)
def
= g + ℓ− 1
2
: J1&L1, E˜ℓ(λ) def=
{
4ℓ(ℓ+ g − h− 1) : J1
−4ℓ : L1 . (3.14)
The first equation (3.9) is the differential equation for the deforming function. The eqs. (3.10)–
(3.11) are identities relating ξℓ(η;λ) and ξℓ(η;λ+δ). The eqs. (3.9)–(3.11) are obtained from
the properties of the hypergeometric function (3.16)–(3.20) and (3.22)–(3.26). It is interest-
ing to note that (3.9) can be considered as a consequence of (3.10) and (3.11).
In the rest of this section we present some properties of the hypergeometric functions 2F1
and the confluent one 1F1. We assume that parameters (a, b, c) are generic.
The hypergeometric function 2F1 is defined by
2F1
(a, b
c
∣∣∣ x) def= ∞∑
k=0
(a)k(b)k
(c)k
xk
k!
, (|x| < 1). (3.15)
The following properties can be verified elementarily based on (3.15):
d
dx
2F1
(a, b
c
∣∣∣ x) = ab
c
2F1
(a + 1, b+ 1
c+ 1
∣∣∣ x), (3.16)(
x(1− x) d
dx
+ c− (a+ b+ 1)x
)
2F1
(a+ 1, b+ 1
c+ 1
∣∣∣ x) = c 2F1(a, b
c
∣∣∣ x), (3.17)(
x(1− x) d
2
dx2
+
(
c− (a+ b+ 1)x) d
dx
− ab
)
2F1
(a, b
c
∣∣∣ x) = 0, (3.18)
(a + b− c) 2F1
(a, b
c
∣∣∣ x)+ (c− a)(c− b)
c
2F1
( a, b
c+ 1
∣∣∣ x) = (1− x)ab
c
2F1
(a+ 1, b+ 1
c+ 1
∣∣∣ x),
(3.19)
2F1
(a, b
c
∣∣∣ x)− 2F1( a, b
c+ 1
∣∣∣ x) = x
c
ab
c+ 1
2F1
(a+ 1, b+ 1
c + 2
∣∣∣ x). (3.20)
The confluent hypergeometric function 1F1 is defined by
1F1
(a
b
∣∣∣ x) def= ∞∑
k=0
(a)k
(b)k
xk
k!
. (3.21)
7
The following properties can be verified elementarily based on (3.21):
d
dx
1F1
(a
b
∣∣∣ x) = a
b
1F1
(a + 1
b+ 1
∣∣∣ x), (3.22)(
x
d
dx
+ b− x
)
1F1
(a+ 1
b+ 1
∣∣∣ x) = b 1F1(a
b
∣∣∣ x), (3.23)(
x
d2
dx2
+ (b− x) d
dx
− a
)
1F1
(a
b
∣∣∣ x) = 0, (3.24)
1F1
(a
b
∣∣∣ x)+ a− b
b
1F1
( a
b+ 1
∣∣∣ x) = a
b
1F1
(a + 1
b+ 1
∣∣∣ x), (3.25)
1F1
(a+ 1
b
∣∣∣ x)− 1F1(a
b
∣∣∣ x) = x
b
1F1
(a+ 1
b+ 1
∣∣∣ x). (3.26)
To sum up, the deforming function ξℓ(η(x);λ) possesses two important properties; (i) it
has no zero in the domain x1 < x < x2, (ii) it satisfies the three formulas (3.9)–(3.11), which
are the essential properties of the deforming polynomials in the theory of the exceptional
Jacobi and Laguerre polynomials [6, 7].
Before closing this section, let us briefly comment on the possible “continuous ℓ versions”
corresponding to the J2 Jacobi and L2 Laguerre polynomials. The obvious candidates for
the deforming function are:
J2 : ξℓ(η;λ)
def
=
Γ(−g + 1
2
)
Γ(ℓ+ 1)Γ(−g − ℓ+ 1
2
)
2F1
(−ℓ, h− g + ℓ− 1
−g − ℓ+ 1
2
∣∣∣ 1− η
2
)
, (3.27)
L2 : ξℓ(η;λ)
def
=
Γ(−g + 1
2
)
Γ(ℓ+ 1)Γ(−g − ℓ+ 1
2
)
1F1
( −ℓ
−g − ℓ+ 1
2
∣∣∣ η). (3.28)
For the above choices and a few other related candidates, we have not been able to find
proper parameter ranges in which the above two properties (i) and (ii) are satisfied and at
the same time invariant under the shifts, g → g+1, h→ h+1, so that the shape invariance
method is applicable. In other words, the J2 and L2 deformations are valid only for integer
ℓ.
4 Deformed systems and intertwining relations
We deform the original systems in terms of the deforming function ξℓ(η(x);λ) in exactly the
same manner as in the theory of the exceptional orthogonal Jacobi and Laguerre polynomials
[4, 6, 7].
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4.1 Deformed systems
For a real positive number ℓ, we define a deformed Hamiltonian:
Hℓ(λ) def= Aℓ(λ)†Aℓ(λ), (4.1)
Aℓ(x;λ) def= d
dx
− ∂xwℓ(x;λ), Aℓ(x;λ)† = − d
dx
− ∂xwℓ(x;λ), (4.2)
wℓ(x;λ)
def
= w0(x;λ+ ℓδ) + log
ξℓ(η(x);λ+ δ)
ξℓ(η(x);λ)
. (4.3)
The overall normalisation of the deforming function ξℓ is immaterial for the deformation and
the original Hamiltonian corresponds to ℓ = 0. This system is shape invariant,
Aℓ(λ)Aℓ(λ)† = Aℓ(λ+ δ)†Aℓ(λ+ δ) + Eℓ,1(λ), (4.4)
or equivalently,(
∂xwℓ(x;λ)
)2 − ∂2xwℓ(x;λ) = (∂xwℓ(x;λ+ δ))2 + ∂2xwℓ(x;λ+ δ) + Eℓ,1(λ). (4.5)
As in the theory of the exceptional orthogonal Jacobi and Laguerre polynomials [5], this
relation is reduced to an identity involving cubic products of ξℓ, which can be proved by using
the three formulas (3.9)–(3.11). The shape invariance determines the whole spectrum and
eigenfunctions in terms of the first excited state energy and the ground state wavefunction.
Eqs. (4.10)–(4.12) and (4.15)–(4.16) are the consequences of the shape invariance and the
normalization of the eigenfunctions.
We present various properties of these deformed systems, which will be derived without
using shape invariance in the next subsection. The Schro¨dinger equation of this deformed
system is
Hℓ(λ)φℓ,n(x;λ) = Eℓ,n(λ)φℓ,n(x;λ) (n = 0, 1, 2, . . .), (4.6)
φℓ,n(x;λ) = ψℓ(x;λ)Pℓ,n(η(x);λ), ψℓ(x;λ)
def
=
φ0(x;λ+ ℓδ)
ξℓ(η(x);λ)
. (4.7)
The spectrum and the main part of the eigenfunction are
Eℓ,n(λ) = En(λ+ ℓδ), (4.8)
Pℓ,n(η;λ)
def
=
2
fˆℓ,n(λ)
(
d2(η)ξℓ(η;λ)∂ηPn(η;λ+ ℓδ + δ˜)
− d1(λ)ξℓ(η;λ+ δ)Pn(η;λ+ ℓδ + δ˜)
)
, (4.9)
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where fˆℓ,n(λ) and δ˜ will be given in (4.21)–(4.22). The Sturm–Liouville’s theorem ensures
that the function Pℓ,n(η(x);λ) has n zeros in the domain x1 < x < x2. The action of Aℓ(λ)
and Aℓ(λ)† on the eigenfunction is
Aℓ(λ)φℓ,n(x;λ) = fℓ,n(λ)φℓ,n−1
(
x;λ+ δ
)
, (4.10)
Aℓ(λ)†φℓ,n−1
(
x;λ+ δ
)
= bℓ,n−1(λ)φℓ,n(x;λ), (4.11)
fℓ,n(λ) = fn(λ+ ℓδ), bℓ,n−1(λ) = bn−1(λ+ ℓδ). (4.12)
The forward and backward shift operators are defined in a similar way as before
Fℓ(λ) def= ψℓ(x;λ+ δ)−1 ◦ Aℓ(λ) ◦ ψℓ(x;λ)
= cF
ξℓ(η;λ+ δ)
ξℓ(η;λ)
( d
dη
− ∂η log ξℓ(η;λ+ δ)
)
, (4.13)
Bℓ(λ) def= ψℓ(x;λ)−1 ◦ Aℓ(λ)† ◦ ψℓ(x;λ+ δ)
= −4c−1
F
c2(η)
ξℓ(η;λ)
ξℓ(η;λ+ δ)
( d
dη
+
c1(η,λ+ ℓδ)
c2(η)
− ∂η log ξℓ(η;λ)
)
, (4.14)
and their action on Pℓ,n is
Fℓ(λ)Pℓ,n(η;λ) = fℓ,n(λ)Pℓ,n−1(η;λ+ δ), (4.15)
Bℓ(λ)Pℓ,n−1(η;λ+ δ) = bℓ,n−1(λ)Pℓ,n(η;λ). (4.16)
The second order differential operator H˜ℓ(λ) acting on the functions Pℓ,n(η;λ) is defined by
H˜ℓ(λ) def= Bℓ(λ)Fℓ(λ) = ψℓ(x;λ)−1 ◦ Hℓ(λ) ◦ ψℓ(x;λ)
= −4
(
c2(η)
d2
dη2
+
(
c1(η,λ+ ℓδ)− 2c2(η)∂η log ξℓ(η;λ)
) d
dη
− 2d2(η)d3(λ, ℓ)∂η log ξℓ(η;λ)− 14 E˜ℓ(λ)
)
, (4.17)
H˜ℓ(λ)Pℓ,n(η;λ) = Eℓ,n(λ)Pℓ,n(η;λ), (4.18)
where we have used (3.9)–(3.11) in (4.17).
The orthogonality reads∫ x2
x1
ψℓ(x;λ)
2 Pℓ,n(η(x);λ)Pℓ,m(η(x);λ)dx = hℓ,n(λ)δnm. (4.19)
The normalisation constant hℓ,n(λ) is related to hn(λ) (2.21) as
hℓ,n(λ) =
bˆℓ,n(λ)
fˆℓ,n(λ)
hn(λ+ ℓδ + δ˜) =
bˆℓ,n(λ)
fˆℓ,n(λ)
fˆ0,n(λ+ ℓδ)
bˆ0,n(λ+ ℓδ)
hn(λ+ ℓδ), (4.20)
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where fˆℓ,n(λ), bˆℓ,n(λ) and δ˜ are given by
fˆℓ,n(λ)
def
= −2 ×
{
n+ h+ 1
2
: J1
1 : L1
, bˆℓ,n(λ)
def
= −2(n + g + 2ℓ− 1
2
) : J1&L1, (4.21)
δ˜
def
=
{
(−1, 1) : J1
−1 : L1 . (4.22)
In the second equality of (4.20) we have used the explicit expressions of hn(λ) (2.21).
4.2 Intertwining relations
4.2.1 General setting
For well-defined operators Aˆℓ(λ) and Aˆℓ(λ)†, let us define a pair of Hamiltonians Hˆ(±)ℓ (λ)
Hˆ(+)ℓ (λ) def= Aˆℓ(λ)†Aˆℓ(λ), Hˆ(−)ℓ (λ) def= Aˆℓ(λ)Aˆℓ(λ)†, (4.23)
and consider their Schro¨dinger equations, that is, the eigenvalue problems:
Hˆ(±)ℓ (λ)φˆ(±)ℓ,n (x;λ) = Eˆ (±)ℓ,n (λ)φˆ(±)ℓ,n (x;λ) (n = 0, 1, 2, . . .). (4.24)
By definition, all the eigenfunctions must be square integrable. Obviously the pair of Hamil-
tonians are intertwined:
Hˆ(+)ℓ (λ)Aˆℓ(λ)† = Aˆℓ(λ)†Aˆℓ(λ)Aˆℓ(λ)† = Aˆℓ(λ)†Hˆ(−)ℓ (λ), (4.25)
Aˆℓ(λ)Hˆ(+)ℓ (λ) = Aˆℓ(λ)Aˆℓ(λ)†Aˆℓ(λ) = Hˆ(−)ℓ (λ)Aˆℓ(λ). (4.26)
If Aˆℓ(λ)φˆ(+)ℓ,n (x;λ) 6= 0 and Aˆℓ(λ)†φˆ(−)ℓ,n (x;λ) 6= 0, then the two systems are exactly iso-
spectral and there is one-to-one correspondence between the eigenfunctions:
Eˆ (+)ℓ,n (λ) = Eˆ (−)ℓ,n (λ), (4.27)
φˆ
(−)
ℓ,n (x;λ) ∝ Aˆℓ(λ)φˆ(+)ℓ,n (x;λ), φˆ(+)ℓ,n (x;λ) ∝ Aˆℓ(λ)†φˆ(−)ℓ,n (x;λ). (4.28)
This situation is called ‘broken susy’ case in the parlance of supersymmetric quantum me-
chanics [3, 17]. It should be stressed that in the ordinary setting of Crum’s theorem, the
zero mode of Aˆℓ(λ) is the groundstate of Hˆ(+)ℓ (λ). In that case, Hˆ(+)ℓ (λ) and Hˆ(−)ℓ (λ) are
iso-spectral except for the groundstate of Hˆ(+)ℓ (λ).
In the following we will present the explicit forms of the operators Aˆℓ(λ) and Aˆℓ(λ)†,
which intertwine the original systems in § 2 and the deformed systems in § 4.1.
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4.2.2 Intertwining the original and the deformed systems
Here we demonstrate that the Hamiltonian systems of the original polynomials reviewed in
§ 2 and the deformation summarised in § 4.1 are intertwined by the Darboux-Crum transfor-
mation.
The intertwining operators Aˆℓ(λ) and Aˆℓ(λ)† are given by
Aˆℓ(x;λ) def= d
dx
− ∂xwˆℓ(x;λ), Aˆℓ(x;λ)† = − d
dx
− ∂xwˆℓ(x;λ), (4.29)
wˆℓ(x;λ)
def
= w˜0(x;λ+ ℓδ) + log ξℓ(η(x);λ), (4.30)
w˜0(x;λ)
def
=
{
(g − 1) log sin x− h log cosx : J1
x2
2
+ (g − 1) logx : L1 . (4.31)
These have exactly the same form as those used for the exceptional J1 Jacobi and L1 Laguerre
polynomials [8]. See also a similar work [24]. It is illuminating to compare these prepotential
(4.30) with those of the original (2.5) and deformed (4.3) systems. Again it is obvious that
the overall normalisation of the deforming polynomial ξℓ is immaterial for Aˆℓ(λ) and Aˆℓ(λ)†.
For this choice of Aˆℓ(λ) and Aˆℓ(λ)†, one of the pair of Hamiltonians Hˆ(+)ℓ (λ) (4.23)
becomes proportional to the original Hamiltonian H(λ) (2.1) with λ→ λ+ ℓδ + δ˜ and the
partner Hamiltonian Hˆ(−)ℓ (λ) is proportional to the deformed Hamiltonian Hℓ(λ) (4.1), up
to a common additive constant:
Hˆ(+)ℓ (λ) = H(λ+ ℓδ + δ˜) + fˆℓ,0(λ)bˆℓ,0(λ), (4.32)
Hˆ(−)ℓ (λ) = Hℓ(λ) + fˆℓ,0(λ)bˆℓ,0(λ). (4.33)
These fundamental results can be obtained by explicit calculation, in which the three for-
mulas (3.9)–(3.11) are used.
It is instructive to verify that the zero modes of Aˆℓ(λ) and Aˆℓ(λ)† do not belong to the
Hilbert space of the eigenfunctions. In fact, the zero mode Aˆℓ(λ) is
Aˆℓ(λ)χ = 0, χ = ewˆℓ(x;λ) = ew˜0(x;λ+ℓδ)ξℓ(η(x);λ), (4.34)
which is non-square integrable for the chosen parameter range (3.5). The zero mode of
Aˆℓ(λ)† is
Aˆℓ(λ)†ρ = 0, ρ = e−wˆℓ(x;λ) = e
−w˜0(x;λ+ℓδ)
ξℓ(η(x);λ)
=
1
χ
, (4.35)
which is also non-square integrable for the chosen parameter range (3.5). Thus the ‘broken
susy’ case is demonstrated [3, 17].
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Based on the results (4.32)–(4.33), we have
φˆ
(+)
ℓ,n (x;λ) = φn(x;λ+ ℓδ + δ˜), φˆ
(−)
ℓ,n (x;λ) = φℓ,n(x;λ), (4.36)
Eˆ (±)ℓ,n (λ) = En(λ+ ℓδ + δ˜) + fˆℓ,0(λ)bˆℓ,0(λ) = Eℓ,n(λ) + fˆℓ,0(λ)bˆℓ,0(λ). (4.37)
Then it is trivial to verify Aˆℓ(λ)φˆ(+)ℓ,n (x;λ) 6= 0 and Aˆℓ(λ)†φˆ(−)ℓ,n (x;λ) 6= 0. For, if one of the
eigenfunction is annihilated by Aˆℓ(λ) (Aˆℓ(λ)†), the left hand side of (4.32)((4.33)) vanishes,
whereas the right hand side is En(λ+ ℓδ+ δ˜) + fˆℓ,0(λ)bˆℓ,0(λ) times the eigenfunction, which
is obviously non-vanishing. Note that En(λ+ ℓδ + δ˜) = En(λ+ ℓδ).
The correspondence of the pair of eigenfunctions φˆ
(±)
ℓ,n (x) is expressed as
φˆ
(−)
ℓ,n (x;λ) =
Aˆℓ(λ)φˆ(+)ℓ,n (x;λ)
fˆℓ,n(λ)
, φˆ
(+)
ℓ,n (x;λ) =
Aˆℓ(λ)†φˆ(−)ℓ,n (x;λ)
bˆℓ,n(λ)
. (4.38)
Let us introduce operators Fˆℓ(λ) and Bˆℓ(λ) defined by
Fˆℓ(λ) def= ψℓ(x;λ)−1 ◦ Aˆℓ(λ) ◦ φ0(x;λ+ ℓδ + δ˜), (4.39)
Bˆℓ(λ) def= φ0(x;λ+ ℓδ + δ˜)−1 ◦ Aˆℓ(λ)† ◦ ψℓ(x;λ), (4.40)
which can be expressed in terms of η:
Fˆℓ(λ) = 2
(
d2(η)ξℓ(η;λ)
d
dη
− d1(λ)ξℓ(η;λ+ δ)
)
, (4.41)
Bˆℓ(λ) = −2
ξℓ(η;λ)
( c2(η)
d2(η)
d
dη
+ d3(λ, ℓ)
)
. (4.42)
The operators Fˆℓ(λ) and Bˆℓ(λ) act as the forward and backward shift operators connecting
the original orthogonal polynomials Pn(η) and the orthogonal functions Pℓ,n(η):
Fˆℓ(λ)Pn(η;λ+ ℓδ + δ˜) = fˆℓ,n(λ)Pℓ,n(η;λ), (4.43)
Bˆℓ(λ)Pℓ,n(η;λ) = bˆℓ,n(λ)Pn(η;λ+ ℓδ + δ˜). (4.44)
The former relation (4.43) with the explicit form of Fˆℓ(λ) (4.41) provides the explicit ex-
pression (4.9) of the main part of the eigenfunction. Other simple consequences of these
relations are
Eˆ (±)ℓ,n (λ) = fˆℓ,n(λ)bˆℓ,n(λ), En(λ+ ℓδ) = fˆℓ,n(λ)bˆℓ,n(λ)− fˆℓ,0(λ)bˆℓ,0(λ). (4.45)
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The operator Aˆℓ(λ) intertwines those of the original and deformed systems A(λ) and
Aℓ(λ):
Aˆℓ(λ+ δ)A(λ+ ℓδ + δ˜) = Aℓ(λ)Aˆℓ(λ), (4.46)
Aˆℓ(λ)A(λ+ ℓδ + δ˜)† = Aℓ(λ)†Aˆℓ(λ+ δ). (4.47)
These relations can be obtained by explicit calculation, in which the three formulas (3.9)–
(3.11) are used. In terms of the definitions of the forward shift operators F(λ) (2.12), Fℓ(λ)
(4.13), Fˆℓ(λ) (4.39), and the backward shift operators B(λ) (2.13), Bℓ(λ) (4.14), the above
relations are rewritten as:
Fˆℓ(λ+ δ)F(λ+ ℓδ + δ˜) = Fℓ(λ)Fˆℓ(λ), (4.48)
Fˆℓ(λ)B(λ+ ℓδ + δ˜) = Bℓ(λ)Fˆℓ(λ+ δ). (4.49)
By applying Aˆℓ(λ+δ) and Aˆℓ(λ) to (2.9) and (2.10) with a replacement λ→ λ+ ℓδ+ δ˜
respectively, together with the use of (4.46), (4.47) and (4.38), we obtain
Aℓ(λ)φℓ,n(x;λ) = fn(λ+ ℓδ + δ˜) fˆℓ,n−1(λ+ δ)
fˆℓ,n(λ)
φℓ,n−1(x;λ+ δ)
= fn(λ+ ℓδ)φℓ,n−1(x;λ+ δ), (4.50)
Aℓ(λ)†φℓ,n−1(x;λ+ δ) = bn−1(λ+ ℓδ + δ˜) fˆℓ,n(λ)
fˆℓ,n−1(λ+ δ)
φℓ,n(x;λ)
= bn−1(λ+ ℓδ)φℓ,n(x;λ+ δ). (4.51)
In the calculation use is made of the explicit forms of fˆℓ,n(λ), fn(λ) and bn(λ) in the second
equalities. This provides a proof of (4.10)–(4.12) without recourse to the shape invari-
ance. Likewise the above intertwining relations of the forward-backward shift operators
(4.48)–(4.49) give a proof of (4.15)–(4.16), respectively, again without recourse to the shape
invariance.
Eq. (4.20) is shown in the following way:
fˆℓ,n(λ)fˆℓ,m(λ)
∫ x2
x1
dx φℓ,n(x;λ)φℓ,m(x;λ)
(i)
=
∫ x2
x1
dx Aˆℓ(λ)φn(x;λ+ ℓδ + δ˜) · Aˆℓ(λ)φm(x;λ+ ℓδ + δ˜)
(ii)
=
∫ x2
x1
dx Aˆℓ(λ)†Aˆℓ(λ)φn(x;λ+ ℓδ + δ˜) · φm(x;λ+ ℓδ + δ˜)
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(iii)
= Eˆ (+)ℓ,n (λ)
∫ x2
x1
dx φn(x;λ+ ℓδ + δ˜)φm(x;λ+ ℓδ + δ˜)
(iv)
= fˆℓ,n(λ)bˆℓ,n(λ)hn(λ+ ℓδ + δ˜)δnm. (4.52)
Here we have used (4.38) and (4.36) in (i), an integration by parts in (ii), (4.24) and (4.36)
in (iii), (4.45) and (2.20) in (iv).
4.3 Limit: Jacobi → Laguerre
It is well known [16] that the Laguerre polynomial L
(α)
n (x) is obtained from the Jacobi
polynomial P
(α,β)
n (x) in a limit:
lim
β→∞
P (α,±β)n
(
1− 2xβ−1) = L(α)n (±x). (4.53)
It is also known that the radial oscillator potential can be obtained from the trigonometric
DPT potential in the limit of infinite coupling h → ∞ together with the rescaling of the
coordinate:
x =
xL√
h
, 0 < x <
π
2
⇐⇒ 0 < xL < π
2
√
h . (4.54)
The two prepotentials (2.5) are related [6]:
ηJ(x) = 1− 2ηL(xL)h−1 +O(h−2), (4.55)
lim
h→∞
(
wJ0(x; g, h) +
1
2
g log h
)
= wL0 (x
L; g). (4.56)
Here we will show that the above two “continuous ℓ versions”, the J1 Jacobi and L1
Laguerre, are connected by the same limit. By using the series definitions of the (confluent)
hypergeometric functions (3.15) and (3.21), one obtains
lim
h→∞
2F1
(−ℓ, g − h + ℓ− 1
g + ℓ− 1
2
∣∣∣ 1− ηJ(x)
2
)
= 1F1
( −ℓ
g + ℓ− 1
2
∣∣∣ −ηL(xL)), (4.57)
lim
h→∞
ξJℓ (η
J(x); g, h) = ξLℓ (η
L(xL); g). (4.58)
At the same time we have
lim
h→∞
(
w˜J0(x; g, h) +
1
2
(g − 1) logh) = w˜L0 (xL; g). (4.59)
Thus the limiting procedure connects the original systems, the deformed systems and the
intertwining relations.
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5 Summary and Comments
A new family of shape invariantly deformed Darboux-Po¨schl-Teller potentials [15] is pre-
sented. It is a “continuous ℓ version” of the potentials corresponding to the exceptional (Xℓ)
Jacobi polynomials [4, 6, 5, 7, 8, 9, 10]. The method of deformation, intertwining relations,
etc are almost parallel with those in the theory of the exceptional orthogonal polynomials,
that is, for integer ℓ. In the well known limit leading from the Jacobi polynomials (the
hypergeometric function) to the Laguerre polynomials (the confluent hypergeometric func-
tion), the family of shape invariantly deformed radial oscillator potentials with continuous ℓ
is obtained. The latter is known as an example of ‘conditionally exactly solvable potentials’
[17]. It should be stressed that the “continuous ℓ version” of the exceptional orthogonal
polynomials exists only for the first type, the J1 Xℓ Jacobi and L1 Xℓ Laguerre polynomials.
The Hamiltonian of the DPT (radial oscillator) potential is known to have infinitely many
non-singular factorisations, up to an additive constant, related with the exceptional orthog-
onal (Xℓ) polynomials, ℓ = 1, 2, . . ., [8]. Now we have demonstrated that the same Hamilto-
nian, up to an additive constant, allow non-singular factorisations (4.32) parametrised by a
continuous real number ℓ > 0.
In discrete quantum mechanics [21, 22, 23], a similar deformation based on a deforming
polynomial ξℓ with integer ℓ = 1, 2, . . ., was studied [9, 10], in which the exceptional continu-
ous Hahn, Wilson and Askey-Wilson polynomials were obtained. The deforming polynomial
ξℓ(η(x);λ) satisfies three formulas (2.67)–(2.69) in [10], which would correspond to (3.9)–
(3.11) in the present paper. One naturally wonders if a similar “continuous ℓ version” could
be constructed or not. The answer is negative. Let us explain by taking the simplest example
of the continuous Hahn case. The theory has two parameters, a1 and a2, with a1 > 0 and
Re(a2) > 0. The continuous Hahn polynomial is defined by the terminating hypergeometric
function
pn(x; a1, a2, a1, a
∗
2)
def
= in
(2a1)n(a1 + a
∗
2)n
n!
3F2
(−n, n+ 2a1 + a2 + a∗2 − 1, a1 + ix
2a1, a1 + a∗2
∣∣∣1). (5.1)
If one replaces n by a real positive number ℓ, the hypergeometric series 3F2 becomes nonter-
minating and divergent, for Re(a2) > 1. See Theorem 2.1.2 in [25]. Even for a very limited
parameter range 0 < Re(a2) <
1
2
, the hypergeometric series 3F2 will be divergent after one
step of shape-invariant transformation a2 → a2 + 12 . Note that the “continuous ℓ version”
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implies a2 → a2 + 12(ℓ − 1), which does not improve the situation. Thus we conclude that
the “continuous ℓ version” of the Xℓ continuous Hahn polynomials does not exist. In con-
trast, the (basic) hypergeometric series 4F3 (4φ3) appearing in the definition of the Wilson
(Askey-Wilson) polynomial will not diverge for generic ℓ. See Theorem 2.1.2 of [25] for the
4F3 case. The convergence of 4φ3 in the Askey-Wilson case is due to the q
k factor. However,
no difference equation governing the nonterminating 4F3 (4φ3) series corresponding to (2.67)
in [10] is known. Thus the “continuous ℓ version” of the deformation is not possible.
Acknowledgements
R. S. is supported in part by Grant-in-Aid for Scientific Research from the Ministry of Edu-
cation, Culture, Sports, Science and Technology (MEXT), No.19540179.
References
[1] L. E.Gendenshtein, “Derivation of exact spectra of the Schrodinger equation by means
of supersymmetry,” JETP Lett. 38 (1983) 356-359.
[2] L. Infeld and T.E.Hull, “The factorization method,” Rev. Mod. Phys. 23 (1951) 21-68.
[3] See, for example, a review: F.Cooper, A.Khare and U. Sukhatme, “Supersymmetry
and quantum mechanics,” Phys. Rep. 251 (1995) 267-385.
[4] S.Odake and R. Sasaki, “Infinitely many shape invariant potentials and new orthogonal
polynomials,” Phys. Lett. B679 (2009) 414-417, arXiv:0906.0142[math-ph].
[5] S.Odake and R. Sasaki, “Infinitely many shape invariant potentials and cubic identi-
ties of the Laguerre and Jacobi polynomials,” J. Math. Phys. 51 (2010) 053513 (9pp),
arXiv:0911.1585[math-ph].
[6] S.Odake and R. Sasaki, “Another set of infinitely many exceptional (Xℓ) Laguerre poly-
nomials,” Phys. Lett. B684 (2009) 173-176, arXiv:0911.3442[math-ph].
[7] C.-L.Ho, S.Odake and R. Sasaki, “Properties of the exceptional (Xℓ) Laguerre and
Jacobi polynomials,” arXiv:0912.5447[math-ph].
17
[8] R. Sasaki, S. Tsujimoto and A. Zhedanov, “Exceptional Laguerre and Jacobi polynomi-
als and the corresponding potentials through Darboux-Crum transformations,” J. Phys.
A 43 (2010) 315204 (20pp), arXiv:1004.4711[math-ph].
[9] S.Odake and R. Sasaki, “Infinitely many shape invariant discrete quantum mechanical
systems and new exceptional orthogonal polynomials related to the Wilson and Askey-
Wilson polynomials,” Phys. Lett. B682 (2009) 130-136, arXiv:0909.3668[math-ph].
[10] S.Odake and R. Sasaki, “Exceptional Askey-Wilson type polynomials through Darboux-
Crum transformations,” J. Phys. A 43 (2010) 335201 (18pp), arXiv:1004.0544[math-
ph].
[11] S. Bochner, “U¨ber Sturm-Liouvillesche Polynomsysteme,” Math. Zeit. 29 (1929) 730-
736.
[12] D.Go´mez-Ullate, N.Kamran and R.Milson, “An extension of Bochner’s problem: ex-
ceptional invariant subspaces,” J. Approx Theory 162 (2010) 987-1006, arXiv:0805.
3376[math-ph]; “An extended class of orthogonal polynomials defined by a Sturm-
Liouville problem,” J. Math. Anal. Appl. 359 (2009) 352-367, arXiv:0807.3939[math-
ph].
[13] C.Quesne, “Exceptional orthogonal polynomials, exactly solvable potentials and su-
persymmetry,” J. Phys. A41 (2008) 392001, arXiv:0807.4087[quant-ph]; B. Bagchi,
C.Quesne and R.Roychoudhury, “Isospectrality of conventional and new extended po-
tentials, second-order supersymmetry and role of PT symmetry,” Pramana J. Phys. 73
(2009) 337-347, arXiv:0812.1488[quant-ph].
[14] C.Quesne, “Solvable rational potentials and exceptional orthogonal polynomials in su-
persymmetric quantum mechanics,” SIGMA 5 (2009) 084 (24pp), arXiv:0906.2331
[math-ph].
[15] G.Darboux, “Lec¸ons sur la the´orie des surfaces,” Vol 2, 210-215, 2nd ed., Gauthier-
Villars, Paris, (1915); G.Po¨schl and E.Teller, “Bemerkungen zur Quantenmechanik des
anharmonischen Oszillators,” Z. Phys. 83 (1933) 143-151.
[16] G. Szego¨, Orthogonal polynomials , 4th edition, Amer. Math. Soc. Colloq. Pub. 23 Prov-
idence, R.I. (1975).
18
[17] G. Junker and P.Roy, “Conditionally exactly solvable problems and nonlinear algebras,”
Phys. Lett. A232 (1997) 155-161; “Conditionally exactly solvable potentials: a super-
symmetric construction method,” Annals of Phys. 270 (1998) 155-177.
[18] D.Dutta and P.Roy, “Conditionally exactly solvable potentials and exceptional orthog-
onal polynomials,” J. Math. Phys. 51 (2010) 042101 (9pp).
[19] G.Darboux, “Sur une proposition relative aux e´quations line´aires,” C. R. Acad. Paris
94 (1882) 1456-1459.
[20] M.M.Crum, “Associated Sturm-Liouville systems,” Quart. J. Math. Oxford Ser. (2) 6
(1955) 121-127, arXiv:physics/9908019.
[21] S.Odake and R. Sasaki, “Shape invariant potentials in ‘discrete’ quantum mechanics,”
J. Nonlinear Math. Phys. 12 Suppl. 1 (2005) 507-521, arXiv:hep-th/0410102.
[22] S.Odake and R. Sasaki, “Exactly solvable ‘discrete’ quantum mechanics; shape invari-
ance, Heisenberg solutions, annihilation-creation operators and coherent states,” Prog.
Theor. Phys. 119 (2008) 663-700, arXiv:0802.1075[quant-ph].
[23] S.Odake and R. Sasaki, “Unified theory of exactly and quasi-exactly solvable ‘Discrete’
quantum mechanics: I. Formalism,” J. Math. Phys. 51 (2010) 083502 (24pp), arXiv:
0903.2604[math-ph].
[24] D.Go´mez-Ullate, N.Kamran and R.Milson, “Exceptional orthogonal polynomials and
the Darboux transformation,” arXiv:1002.2666[math-ph].
[25] G.E.Andrews, R.Askey and R.Roy, Special Functions , Encyclopedia of mathematics
and its applications, Cambridge, (1999).
19
